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Abstract

WE present a waveform relaxation version of the
Dirichlet-Neumann method for the heat and wave

equations. Like the Dirichlet-Neumann method for steady
problems, the method is based on a non-overlapping spa-
tial domain decomposition, and the iteration involves subdo-
main solves with Dirichlet boundary conditions followed by
subdomain solves with Neumann boundary conditions. Ho-
wever, each subdomain problem is now in space and time,
and the interface conditions are also time-dependent. We
call the algorithm the Dirichlet-Neumann Waveform Relaxa-
tion (DNWR) method. Using a Laplace transform argument,
we show for the heat equation that when we consider finite
time intervals, the DNWR method converges superlinearly
for a particular choice of the relaxation parameter. For the
wave equation we prove convergence in finite number of
steps for a particular parameter. We also present numerical
experiments, comparing the DNWR method to the Schwarz
Waveform Relaxation method with overlap.

1. Dirichlet-Neumann Waveform Relaxation Method

WE consider the following heat and wave equations on
a bounded domain Ω ⊂ R, 0 < t < T as our guiding

examples,

∂tu− ∂xxu = f1(x, t), x ∈ Ω, 0 < t < T,
u(x, 0) = u0(x), x ∈ Ω,
u(x, t) = g1(x, t), x ∈ ∂Ω, 0 < t < T.

 (1)

∂ttu− c2∂xxu = f2(x, t), x ∈ Ω, 0 < t < T,
u(x, 0) = w0(x), x ∈ Ω,
ut(x, 0) = w̄0(x), x ∈ Ω,
u(x, t) = g2(x, t), x ∈ ∂Ω, 0 < t < T.

 (2)

To define the Dirichlet-Neumann Waveform Relaxation me-
thod for the model problems (1)-(2) on the domain (−b, a)×
(0, T ), we decompose the spatial domain, Ω = (−b, a) into
two non-overlapping subdomains Ω1 = (−b, 0) and Ω2 =
(0, a), for 0 < a, b <∞.
The DNWR algorithm for the heat equation consists of the
following steps : given an initial guess h0

1(t), t ∈ (0, T ) along
the interface Γ = {x = 0}, for k = 0, 1, 2, . . . do

∂tu
k+1
1 − ∂xxuk+1

1 = f1(x, t), x ∈ Ω1,

uk+1
1 (x, 0) = u0(x), x ∈ Ω1,

uk+1
1 (−b, t) = g1(−b, t),
uk+1

1 (0, t) = hk1(t),

(3)

and 
∂tu

k+1
2 − ∂xxuk+1

2 = f1(x, t), x ∈ Ω2,

uk+1
2 (x, 0) = u0(x), x ∈ Ω2,

∂xu
k+1
2 (0, t) = ∂xu

k+1
1 (0, t),

uk+1
2 (a, t) = g1(a, t),

(4)

with the updating condition

hk+1
1 (t) = θuk+1

2 (0, t) + (1− θ)hk1(t), (5)

θ being a positive relaxation parameter. We define an ana-
logous iteration for the wave equation with an initial guess
h0

2(t), t ∈ (0, T ) along the interface.
Goal : To study how the error hki (t) − u(0, t) converges to
zero for i = 1, 2. In fact, it suffices by linearity to consider
the homogeneous problems, fi(x, t) = 0 = gi(x, t), w0(x) =
0 = w̄0(x) = u0(x) in (1)-(2), and to examine how hki (t) goes
to zero as k →∞.

2. Convergence Results Using Laplace Transforms

Heat Equation

THE following results show that the asymptotic conver-
gence rate of the DNWR algorithm in a finite time win-

dow is superlinear for a particular value of the relaxation
parameter. We give two estimates of the error for θ = 1/2.

Theorem 2.1. (Convergence of DNWR, for b ≥ a) Let
θ = 1/2. Then the error of the DNWR algorithm for two sub-
domains, with b ≥ a, satisfies for t ∈ (0,∞)

‖ hk1 ‖L∞(0,∞)≤
(
b− a

2b

)k
‖ h0

1 ‖L∞(0,∞) .

For a finite time interval (0, T ), the DNWR converges super-
linearly with the estimate

‖ hk1 ‖L∞(0,T )≤
(
b− a
b

)k
erfc

(
ka

2
√
T

)
‖ h0

1 ‖L∞(0,T ) .

Theorem 2.2. (Convergence of DNWR, for a ≥ b) Let
θ = 1/2. Then the error of the DNWR algorithm for the two
subdomains, with a ≥ b, satisfies for t ∈ (0,∞)

‖ h2k
1 ‖L∞(0,∞)≤

(
a− b

2b

)2k

‖ h0
1 ‖L∞(0,∞) .

For a finite time interval (0, T ), the DNWR converges super-
linearly with the estimate

‖ h2k
1 ‖L∞(0,T )≤

{ √
2

1− e−
2k+1
σ

}2k

e−k
2/σ ‖ h0

1 ‖L∞(0,T ),

where σ = T/b2.

Remark 2.3. For the symmetric case (a = b) we get conver-
gence in two steps for θ = 1/2. For non-symmetric cases,
a 6= b, we observe linear convergence for all values of the
parameter other than 1/2.
Reason behind superlinearity : After applying the La-
place transform, we get the updating condition (5) for k =
1, 2, ...

ĥk1(s) =

{
{q(θ)− θG(s)}k ĥ0(s), θ 6= 1/2

(−1)k 2−kGk(s)ĥ0(s), θ = 1/2,
(6)

where q(θ) = 1 − 2θ and G(s) :=
sinh((a−b)

√
s)

cosh(a
√
s) sinh(b

√
s)

. Now if

we define the kernel, Fk(t) = L−1
{
Gk(s)

}
, then Figure 1

of the kernel indicates superlinear convergence for θ = 1/2,
because we see that the curves shift to the right and at
the same time the peak decreases as k increases. So,
if one only considers a small time window, the peak will
eventually exit the time window for k large enough and its
contribution will be vanishingly small in the expression (6).
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Figure 1: Fk(t), k = 1, 2, 3.

For θ 6= 1/2, q(θ) will dominate in the expression (6) to pro-
duce linear convergence for other values of θ.

Wave Equation

WE prove two-step convergence of the DNWR iteration
for the wave equation in the symmetric case for a par-

ticular choice of the relaxation parameter. For a sufficiently
small time window, we show linear convergence for θ = 1/2.
Theorem 2.4. (Convergence in the symmetric case) For
the symmetric case, a = b, the DNWR algorithm converges
linearly for 0 < θ < 1. For θ = 1/2, it converges to the exact
solution in two iterations, independent of the size of the time
window.
Theorem 2.5. (Convergence for finite time) Let θ = 1/2.
Then the DNWR algorithm converges in at most m + 1 ite-
rations for two subdomains of lengths a and b, if the time T
satisfies

T/m ≤ 2 min{a/c, b/c}.
Remark 2.6. In particular, for non-symmetric subdomains
the error of the DNWR method vanishes in two iterations in
case of θ = 1/2, if T ≤ 2 min{a/c, b/c}. We observe linear
convergence for other values of the relaxation parameter.

Numerical Experiments

WE split the spatial domain [−3, 2] into two non-
overlapping subdomains [−3, 0] and [0, 2] to apply the

DNWR iteration for a small time domain T = 2. For the heat
equation, we get linear convergence for all the parameters,
except for θ = 0.5 which corresponds to superlinear conver-
gence. Similarly for the wave equation we observe linear
convergence for all the parameters, except for θ = 0.5 that
corresponds to convergence in two iterations. The nume-
rical results are similar when the Neumann subdomain is
larger than the Dirichlet one.
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( a ) Heat equation
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Figure 2: Convergence for various parameters, b ≥ a.

We now plot the estimates for the convergence rate in case
of θ = 0.5 for the heat equation. Figure 3 gives a compa-
rison between the theoretical error, numerical error, linear
bound and the superlinear bound shown in Theorem 2.1.
Observe that the error curves approach the linear bound as
T increases.
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Figure 3: Bounds for various times, b ≥ a.

Finally to compare the performance of the proposed algo-
rithm with Schwarz Waveform Relaxation with overlap, we
employ an overlap of length 2∆x, where ∆x = 1/50 and
∆t = 1/250. We have faster convergence in DNWR than in
overlapping Schwarz WR for both problems.
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Figure 4: Comparison of DNWR with OSWR.

Conclusions and Further Works

WE proved convergence of the DNWR algorithm in the
symmetric case for both equations. For unequal sub-

domain lengths and for a particular choice of the relaxation
parameter, we presented a superlinear error estimate for
the heat equation. For the wave equation we proved linear
convergence for a particular θ in finite time windows. We
are working on a generalization of the algorithm to many
subdomains and adaptation to higher dimensions as well.
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