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(1) Show that the distance between two points with polar coordinates (r1, θ1) and (r2, θ2) is

2

√
r21 + r22 − 2r1r2 cos(θ1 − θ2)

When θ1 = θ2, what does the distance simplify to? Explain why this is so. Find the distance
between the points with the polar coordinates (1, 0) and (1, π4 ).

(2) Show that every vertical line in xy-plane has a polar equation of the form r = a sec θ. Find
the analogous polar equation for horizontal lines in the xy-plane.

(3) Which of the following has the same graph as r = 1− cos θ?
a) r = −1− cos θ, b) r = 1 + cos θ. Draw the curves to justify.

(4) Sketch the graph of the following curves:

i) (x2−6x−7)y2 = (x−5), ii) x(x2 +y2) = a(x2−y2), iii) x2y2 = a2(y2−x2), iv) y = x3−1
x .

(5) Show that lim
(x,y)→(0,0)

xy2

x2 + y2
= 0.

(6) Show that the following limits do not exist:

(a) lim
(x,y)→(0,0)

x2 − y2

x2 + y2
(b) lim

(x,y)→(0,0)

x4y4

(x2 + y4)3

(c) lim
(x,y)→(0,0)

(
x2 − y2

x2 + y2

)2

(d) lim
(x,y)→(0,0)

xy

x2 + y2

(e) lim
(x,y)→(0,0)

x3y

x6 + y2
(f) lim

(x,y)→(0,1)
tan−1(

x

y
)

(7) Show that the following functions are continuous at the point (0, 0):

(a) f(x, y) =

{
2x4+y4

x2+y2 , (x, y) 6= (0, 0)

0, (x, y) = (0, 0)

(b) f(x, y) =

{
2x(x2−y2)
x2+y2 , (x, y) 6= (0, 0)

0, (x, y) = (0, 0)

(8) Show that the following functions are discontinuous at the given points:

(a) f(x, y) =

{
x−y
x+y , (x, y) 6= (0, 0)

0, (x, y) = (0, 0)

(b) f(x, y) =

{
x2+xy+x+y

x+y , (x, y) 6= (2, 2)

4, (x, y) = (2, 2)

(9) Let f(x, y) =

{
x4y−3x2y3+y5

(x2+y2)2 , (x, y) 6= (0, 0)

0, (x, y) = (0, 0)
. Find a δ > 0 such that |f(x, y)− f(0, 0)| <

0.01, whenever
√
x2 + y2 < δ.

(10) The area of a triangle is given by K = 1
2ab sinC. When a = 20, b = 30, and C = 30, find:

(a) The rate of change of K with respect to a, when b and C are constant.
(b) The rate of change of K with respect to C, when a and b are constant.
(c) The rate of change of b with respect to a, when K and C are constant.

(11) Let f be any differentiable function. Show that w(x, y) = f(xy2) satisfies 2x∂w∂x − y
∂w
∂y = 0.

(12) Let f(x, y) = xy. Estimate the value of f(0.8, 2.1) using a linear (first-order) approximation
of f at (1, 2).

(13) Find df/dt, where
(a) f(x, y) = x cos y + ex sin y, x = t2 + 1, y = t3 + t.
(b) f(x, y, z) = x3 + xz2 + y3 + xyz, x = et, y = cos t, z = t3.
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(14) For F (x, y) = x4y2 sin−1 y/x, show that x(∂F/∂x) + y(∂F/∂y) = 6F .

(15) Let u(x, y) = x3+y3

x+y and (x, y) 6= (0, 0). Evaluate

x
∂2u

∂x2
+ y

∂2u

∂x∂y
− ∂u

∂x2
.

(16) Let f(x, y) and g(x, y) be two homogeneous functions of degree m and n respectively where
m 6= 0. Let h = f + g. If x∂h∂x + y ∂h∂y = 0, then show that f = ag for some constant a.

(17) Partial derivatives occur in partial differential equations that express certain physical laws.
For instance, the partial differential equation

∂2u

∂x2
+
∂2u

∂y2
= 0

is called Laplaces equation after Pierre Laplace (1749-1827). Solutions of this equation
are called harmonic functions and play a role in problems of heat conduction, fluid flow,
and electric potential. Determine whether the following functions are solutions of Laplaces
equation: u(x, y) = ex sin y, w(x, y) = ex cos y, z(x, y) = 1

2e
x+y and f(x, y) = x2 − y2.

(18) The wave equation
∂2u

∂t2
= a

∂2u

∂x2

describes the motion of a waveform, which could be an ocean wave, a sound wave, a light
wave, or a wave traveling along a vibrating string. For instance, if u(t, x) represents the
displacement of a vibrating violin string at time t and at a distance x from one end of the
string,then it satisfies the wave equation. Here the constant a depends on the density of the
string and on the tension in the string. Verify that the function u(t, x) = sin(x−at) satisfies
the wave equation.

(19) Find the first and second order Taylor polynomial approximations to the function f(x, y) =
2x3 + 3y3 − 4x2y about the point (1, 2). Obtain the maximum absolute error in the region
|x− 1| < 0.01 and |y − 2| < 0.1.

(20) Find the critical points of the function f(x, y) = (x+ y + 2)e−(x
2+y2)/2.

(21) Find the local maximum and minimum values of the function f(x, y) = 2(x2−y2)−x4 +y4.
(22) Find the absolute maximum and minimum values of f(x, y) = 4x2 + 9y2− 8x+ 12y+ 4 over

the rectangle in the first quadrant bounded by the lines x = 2, y = and the coordinate axes.
(23) Find the absolute maximum and minimum values of f(x, y) = 3x2 + y2 − x over the region

{(x, y) : 2x2 + y2 ≤ 1}.
(24) Find the minimum value of f(x, y, z) = x2 + y2 + z2 subject to the condition xyz = a3.
(25) Find the extreme values of f(x, y, z) = 2x+ 3y + z such that x2 + y2 = 5 and x+ z = 1.

(26) Find the shortest distance between the line y = 10− 2x and the ellipse x2

4 + y2

9 = 1.

(27) Find the extreme values of the function f(x, y) = x2 + 2y2 on the circle x2 + y2 = 1.
(28) Find the points on the sphere x2 + y2 + z2 = 4 that are closest to and farthest from the

point (3, 1,−1).
(29) A rectangular box without a lid is to be made from 12 m2 of cardboard. Find the maximum

volume of such a box.


